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Dumbbell Librations in Elliptic Orbits
HANS B SCHECHTER*

The Rand Corporation, Santa Monica, Calif

This paper discusses and analyzes the first-order effect of oibital eccentricity on the planar
tumbling or oscillatory motion of a dumbbell-shaped satellite This has been done by assum-
ing that the angular orientation angle S^ can be represented by a power series in eccentricity
e, in which the coefficient of the e° term was set equal to the circular solution S£ available from
earlier investigations The differential equation for the coefficient of the e1 term is shown to
be of an inhomogeneous Mathieu type, the particular solutions of which can be readily
obtained if certain weak restrictions are placed on the initial magnitude of the dumbbell's
angular velocity The analysis indicated that the orientation of the satellite in the elliptic
orbit can differ substantially from the one determined for the circular orbit

THE effect of gravitational gradient torques on the atti-
tude behavior of dumbbell-shaped satellites has been

studied in a number of papers l~~* In the earlier studies, the
angular excursions of the dumbbell's axis were held down to
small values, but this restriction was later lifted to permit
inclusion of rotational as well as oscillatory motion In most
cases, a circular orbit was assumed The influence of orbital
eccentricity e seems to have been assessed only for oscilla-
tions of small amplitude It is of interest to see in which
way orbital eccentricity modified some of the general results
obtained in the coplanar circular case The mathematical
treatment in the present approach differs from that of some
of the previous papers that considered the same basic prob-
lem by the fact that the small angle approximation has been
replaced by an expansion around a finite angular rotation

In the notation of Fig 1, the equations of motion of the
dumbbell are

independent variable gives

f - r<92 = (-/i/2)[(r - I

2m(d/dt)[r*0 +

(d/dt)[l*(6 + *j] = (prl si

(r + I cos*)r2-2] (1)

= 0 (2)
z] (3)

Equation (2) indicates that the combined angular momentum
of the motion is conserved

If we now take e, l/r <£ 1, and ignore the small effect of
satellite dumbbellness on the elliptic orbital path of its center
of mass,6 it can be shown9 that the substitution into Eq (3)
of an expansion of the foim

n=l

and collection of like coefficients of e leads to the following set
of equations:

c = 0 (4)

sinM (5)

where M = nt — mean anomaly
Approximating sin2(SEr -f e^fi) by (sin2^ + 2e^i cos2^ ),

using Eq (4), and switching to the mean anomaly M as the

c + eVi + frc2[l + 3e cosM] X
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f si (6)

i = 2 sinM - f cosM sin2^c (7)

where primes denote diffeientiation with respect to the mean
anomaly M

For the case ^c(0), Schindler and Moran56 have shown
that the form of the solution of Eq (6) depends on the initial
value of the angular velocity ^ / Two distinct regions can
be distinguished, depending on whether the motion is one of
oscillation or of tumbling For oscillatory motion | ̂ e»' | <
31/2, and the solution is lepresented by sin^c = ksn 31/2M
The modulus k of the elliptic function is equal to SI> //31/2

For the case of tumbling motion, which coi responds to the
condition |^/| > 31/2, the solution is given by sin^ =
sn & i'M and k = 31/2/^> / The degenerate case ^ / =
±31/2 represents a motion of infinite period in which the
dumbbell approaches asymptotically the horizontal position
^ = ±7T/2

A plot of this solution, taken from Ref 6, is reproduced
for convenience in Fig 2

Effect of Eccentricity on Tumbling Motion

The solution of Eq (7) is facilitated if the lange of values
of SPc/ is broken up into two separate regions For large
values of SE^/, say SI> / > 3, Fig 2 shows that the oscillatory
ripple around the constant-slope line of SF vs M has nearly
disappeared, so that it is reasonable to approximate sin^c by
sinaM, where M is the mean anomaly, and a is the average
value of the angular velocity d^?c/dM, which is assumed to
be larger than or equal to 3 For convenience of analysis, a
will be considered an integer Letting s = aM, Eq (7)
becomes

(<P/ds2)^i + [(3/a2)
(2/a:2) sins/a - (9/2a2) cos(s/a) sin2s (8)

which is an inhomogeneous Mathieu equation of the form

+ [a - 2q cos2x]z = f(x) (9)

with a = 0 and q = — 3/(2a2) In view of the assumption
a > 3, all solutions to Eq (8) are stable and oscillatory in
nature and consist of Mathieu functions of fractional order 10

The complete solution to Eq (8) is

(10)

In the notation of Ref 10, with ft denoting the order of the
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Fig 1 Geometry of motion

\N Center of Eart

Mathieu function, S^n and 1̂2 are the nonperiodic bounded
solutions of the homogeneous portion of Eq (8) :

(11)

whereas ^u_and ^12 aie a set_of fundamental solutions chosen
such that *u(0) = (d/ds)^12(0) = 1 and
¥12(0) = 0

Also,

= (2/a2) si a - (9/2a2) cos£/a sin2£

i2(£)] = Wronskian of ̂ n and

Since all of the initial conditions on the motion are assumed
to have been satisfied by the circular-orbit solution ^ , we
have S&i(0) = SPi'CO) = 0, and the complementary portion of
the solution consequently vanishes The Wronskian W will
be a constant because Eq (8) has no first derivative of ^i
As a numeiical example, we can consider the case when a. =
3, and hence q = -3/2a2 - -01667 When all of the
operations are cairied out, we finally end up with the solution

! = 1 00028 - 1 0565 sinO 3333s +
0 10892 sinl 6667s - 0 01276 sin2 3333s -

0 00124 sin4 3333s - 0 00112 sin3 6667s + (12)

The lesult is plotted in Fig 3, which shows the behavior of
\I> , ^i, and ^i' as a function of M for one orbital period of
the dumbbell

The magnitude of the peiturbation caused by an oibital
eccentricity of e = 0 1 is shown by the dashed curve It is
apparent that oiientation eirors as laige as 80° could occui
duiing the first orbital period

Effect of Eccentricity on Oscillatory Motion

As ̂  i is reduced from a value of about 3 and approaches
31/2, the accuracy of the approximation ̂  ~ SPc/ M becomes
progressively worse, and the foregoing solution ceases to
desciibe the motion Neglecting the naiiow region around
the condition M>c/ = 31/2, we considei now the form of the
solution of Eq (8) for ̂  / < 31/2 The functions cos2^ and
sn^^ appearing in the differential equation (7) can be
written in the foim11

= 1 - 2 si = 1 - 2&2sn231/2M

and the elliptic functions sn and en expanded in Fourier
series :

—
2?r

= o-1/2(l
TrM

- --1 inS1/2 — -sinS1/2 — - +

c73)-1sin3(3)1/2

3-0

2?r
cos(2/

2K (14a)

i?M
(I4b)

= exp[-irK'/K]

K = K(k) =

K' = K(k')

For sufficiently small values of o-, the retention of the lead-
ing term in each of Eqs (14a) and (14b) might give suffi-
cient accuracy A rough idea of the size of a is obtained by
taking, for instance, the case M> / = 1 66 as a rough indica-
tion of an upper bound on the angulai velocity This cor-
responds to equality in orbital and librational periods For
this case, k = 1 66/31/2 = 0 958, kr = 0 2868, K(k) = 28,
K(k') ^ 1 6, and a = exp[-l 6?r/2 8] = 0 165

As ^ i decreases, k will decrease and k' will increase, so
that K will be reduced and K1 increased; this will lead to a
decrease in the size of a Thus, for values of ̂  / < 1 66
we find that a < 0 165

Placing an upper limit of 1 66 on ̂ c/, it appears that the
retention of only one term in the Fourier expansions would be
satisfactory in the present case Under this approximation,
terms that are of magnitude <r have been neglected in com-
parison with unity

A graphical representation of the foregoing approximation
is presented in Fig 4, which shows the functions snu and cnu,
together with the first expansion term of their respective
Fourier series, for the case ^ / = 1 66 This corresponds
to the extreme case for which the approximate representation
is least accurate As SP" / approaches zero, the approxima-
tion continues to improve, until at SF / = 0 the first Fourier
term identically represents the elliptic functions

37T-/2 -

7T/2 -

(13)

7T/2

Fig 2 Time history of rotational motion in a circular
orbit 6
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Fig 3 Solution for the tumbling case with a = 3, e = 0 1

Introduction of the independent variable z = 31/2irM/2K
converts Eq (7) to the form

+ [a - 2q
/37r2) sm(2
[sin(2JrT/31/27r

X
sin(l - (15)

where a = 4K2/7r2 - 16<r(l - o-)~2 and q = -8cr(l - o-)~2

As in the last case, here too the motion of libration is
governed by an inhomogeneous Mathieu equation The
bounded oscillatory form of the forcing function suggests
immediately that for finite values of ^c/ the nature of the
forced solution of Eq (15) depends on the stability or insta-
bility exhibited by the solution to the homogeneous Mathieu
equation This question is easily resolved with the aid of
Fig 5, which presents in the plane of a vs q the stable and
unstable regions of the solution to Mathieu's equation
Because of symmetry with respect to the a axis, the right side
of the Mathieu plane has been used The curves CeQ, Sei,
and Cei denote, respectively, the loci of zeroth- and first-
order periodic solutions to Mathieu's equations and represent
the transition curves between the stable and unstable regions
shown The directed dashed curve indicates the trace of the
(a,q) point of Eq (15) as the initial value of angular velocity
ifrci' tends toward zero Except for a narrow region around
a = 1, q = 0, the homogeneous solution is essentially oscilla-
tory and divergent as z increases, making the complete solu-
tion unstable Although the scale of Fig 5 does not make
this apparent, a simplified analysis shows that the dashed
curve approaches the point a = 1, q = 0 with a slope da/d\q\
= — 2 Since the Sei curve exhibits at this point a slope of
— 1, it appears that the dashed curve penetrates into the
stable region of the plane as ^c/ assumes vanishingly small
values

In the limit, as SFc/ -* 0, which corresponds to the case
of an initially nonrotating dumbbell moving along an elliptic
orbit, we note that K ->• ir/2, a -* 1, K' -+• oo ? and a -* 0
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Fig 4 The elliptic functions srt and en and their first
Fourier expansion terms

Equation (15) is then reduced to the form
(16)

The complementary solution of Eq (16) will be bounded
and periodic, but the forced solution, although bounded
too, will not exhibit any periodicity The form of the argu-
ments of the trigonometric terms in the forcing function
precludes the occurrence of resonance conditions

Conclusion

The following concluding remarks can be made which
summarize the previous results

It has been shown that the correction terms due to eccen-
tricity, which must be superimposed on the angular-position
time behavior of the same satellite when moving along a

Fig 5 Effect of initial angular velocity \l/Ci on the location
of the solution point in the a,q plane
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circular orbit, are always bounded and oscillatory for all values
of initial angular velocity in excess of roughly three times the
orbital angular velocity Depending on the magnitude of
the eccentricity, these perturbations could be quite
appreciable

When the initial motion is one of pendulous oscillations,
the first-older effect of eccentricity is to introduce a divergent
oscillatory term into the time behavior of the first perturba-
tion term and thus to cause the orientation angle in the
elliptic orbit to differ significantly from that assumed in the
circular orbit Because of possible phase difference in the
time behavioi of the circular orientation angle tyc and the
perturbed correction term S^i, it is still possible for the com-
plete solution not to exhibit an actual boundless increase
in amplitude as long as the restrictions imposed by linearity
are not violated
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